T ime integrations of shallow water equations were carried out in order to investigate whether (inertio-) gravity waves are produced or not through upscale energy transfer due to nonlinear wave-wave interactions.
Introduction
In the past few years some workers have revealed that (inertio-) gravity waves play important roles on some aspects of atmospheric dynamics particularly in the middle atmosphere. These waves break into turbulence and produce drag forces to weaken zonal mean flows not only near the menopause (cf. Lindzen, 1981; Holton,1982 ; Matsuno, 1982; Dunkerton, 1982) but also near the tropopause (cf. Tanaka and Yamanaka, 1984) .
Possible causes of the generation of such waves in the troposphere can be classified as, (i) mountains with various horizontal scales (e.g., Bretherton, 1969) , (ii) shear instability associated with the jet stream (Klostermeyer, 1980) , (iii) ageostrophic instability associated with the low level jet (Chen, 1982) , (iv) energy cascade from synoptic disturbances (Matsuno, 1979) , and (v) upscale energy transfer from relatively small-scale disturbances (Gage, 1979; Balsley and Carter, 1982) . Gravity waves of mountain origin could have-the largest amplitudes throughout the mesoscale domain (20-2000km) and seem to break near the tropopause to produce weak region of zonal mean flow (Tanaka and Yamanaka, 1984) . Other causes of wave generation mentioned in (ii), (iii) and (iv) must be examined with more efforts than ever both theoretically and observationally.
This paper aims at examining the upscale energy transfer through nonlinear wave-wave interactions in the gravity wave regime ass mentioned in (v) . In general, waves are motions of different kind from turbulence, that is, waves are propagation of patterns of fluid motions while turbulence is associated with the fluid motion itself. Major part of the waves would propagate away leaving weak nonlinear waves or turbulence through nonlinear interactions.
Therefore, nonlinear interactions among waves are considered to be weaker than those in the pure two-dimensional turbulence.
So far numbers of efforts have been devoted to examine dynamics of the pure two-dimensional turbulence focusing on the upscale energy transfer through wavenumber domain (cf. Ogura, 1952; Kraichnan, 1967 Kraichnan, , 1971 Leith, 1968; Batchelor, 1969; Lilly, 1969 Lilly, , 1971 Herring et al., 1974) . Main conclusions obtained by such a great number of papers are summarized as, (i) two-dimensional decaying turbulence finally approaches -3 power law throughout all the wavenumber domain, (ii) two-dimensional forced turbulence leads to -5/3 and -3 power laws in the lower and higher wavenumber domains than the forcing wavenumber, respectively.
The active upscale energy transfer found in the two-dimensional turbulent motions is based on the enstrophy conservation, in addition to the energy conservation, in a specific domain. Geostrophic turbulence proposed by Charney (1971) is considered to be involved in a category of twodimensional turbulence, too.
In the atmosphere and the oceans there are wave motions like Rossby waves and/or gravity waves other than turbulence. A fluid system which contains waves and turbulence is more realistic as a model of the atmosphere and oceans than an idealized system of twodimensional turbulence. Investigations treating such a system were not found before the pioneering work by Rhines (1975) . He carried out numerical simulations of two-dimensional turbulence on a beta-plane. The result clearly demonstrated that the upscale energy transfer from initially given smaller-scale random vortices is suppressed by generation of Rossby waves despite that both energy and enstrophy are conserved within the domain. This means that the conservations of enstrophy and energy do not always guarantee the limitless upscale energy transfer when waves are generated.
In this paper we treat (inertio-) gravity waves on an *-plane together with low amplitude geostrophic motions. A shallow water model is used for the numerical simulations instead of three-dimensional stratified fluid model, simply because we are interested in looking into essence of the nonlinear interactions avoiding the complexities accompanied by the vertical structures of waves. The situation considered here is as follows : when relatively smaller-scale random disturbances* are given at an initial moment, what kind of disturbances are finally produced through upscale energy transfer ? Are the produced disturbances (inertio-) gravity waves or geostrophic motion eddies? Is the upscale energy transfer, if any, a powerful mechanism for generation of mesoscale gravity waves in the atmosphere and the oceans?
The shallow water model for the gravity wave regime seems more complicated than two-dimensional Rossby wave regime treated by Rhines (1975) in a sense that absolute enstrophy and potential enstrophy do not conserve within a specific domain though these conserve on a fluid parcel. Breakdown of the conservation property of them comes from permitting the change of shallow water depth, i, e., weak three-dimensionality.
Therefore, extensive upscale energy cascades should be prohibited in principle.
Another possibility considered in the shallow water gravity wave regime is triad (or resonant) interactions among waves, which are characterized by discontinuous amplifications of energy spectra.
However, it is beyond the scope of this paper to deal with such a problem more deeply. Also a detailed examination which power law is finally realized is not a main objective of this paper because enough grid-points could not be taken to represent exact power laws in the isotropic wavenumber domain.
Forcing problem must be more realistic to explain -5/3 power law observed in the atmosphere (e. g., Balsley and Carter, 1982) . Nevertheless the decaying problem treated here must be suggestive to understand how (inertio-) gravity waves behave nonlinearly through wavenumber domain.
Basic equations
Nonlinear shallow water equations on an * Note that the initially given disturbances used here are not vortices but gravity waves since relative vorticity is everywhere zero at an initial moment.
*-plane are written as where u and v are the velocities in the xand y-directions, respectively, h the depth of the shallow water, * the Coriolis parameter which is assumed constant, g the gravitational acceleration.
Dx in (1) and Dy in (2) are dissipation terms which will be described later.
Equations (1)- (3) are scaled by introducing dimensionless variables where H is the mean depth of the shallow water and L is the characteristic horizontal scale of initially given gravity waves.
Substituting (4) into Eqs. (1)- (3), we have a set of dimensionless shallow water equations which are written as Rossby radius of deformation is the distance over which the Coriolis force to make the free surface flat is balanced by the gravitational force to deform the surface.
Our problem is to solve Eqs. (5)- (7) numerically for a long period giving a suitable initial condition under the cyclic boundary conditions in both directions in a square domain. Before carrying out numerical time integrations we shall discuss the characteristics of the shallow water equations more in details : one is conservation properties derived from the equations and the other is linear analysis of the equations.
Conservation properties
It is suggestive to investigate what quantities are conserved if the fluid is assumed to be inviscid. By cross differentiation of Eq. (5) with respect to x and Eq. (6) Note that, for convenience, circumflex simbols are omitted in Eqs. (5)- (7). Here s is a single rlimensinn1Psc nnrnmeter
We also obtain the mass conservation from Eq. (7) where R is the Rossby radius of deformation defined as the ratio of the propagation speed of the basic shallow water waves to the Coriolis parameter, * The time scale used here is somewhat special , which focuses on (inertio-) gravity waves. This time scale is not always suitable for quasi-geostrophic motions (see Pedlosky, 1979) . and the total energy conservation from Eqs.
(5)- (7) The first and the second terms in the parenthesis in (14) Here (21) expresses the dispersion relation of geostrophic motions (or degenerated Rossby waves), which is independent of wavenumbers, and (22) shows the dispersion relations of inertia-gravity waves propagating to the opposite directions. When * 0, *G tends to inertial frequency.
Time integration of the shallow water equations
Pseudo-spectral method on a two-dimensional complex domain was used to integrate the shallow water equations (5)- (7) in order to suppress aliasing errors. Fourier transformation of Eqs. (5)- (7) Assuming that u, v and h are proportional to exp(ikx+ily-i*t) and substituting them into Eqs. (18), (19) and (20), we have the dispersion relations where K (= * k2+l2) is the scalar total wavenumber. A is the coefficient of very weak Rayleigh damping and v the dimensionless viscosity associated with biharmonic friction.
The transform method developed by Orszag (1971) was used to calculate the nonlinear terms. For example, in order to calculate u(*u/*x) in the physical space, *u/*x is once expressed in the spectral space applying high-speed FFT and then the quantity is transformed to the physical space. After calculating products of u and *u/*x at each gridpoint, Fourier transformation from the physical space to the spectral space is performed for the next step integration.
Such a process is applied to all nonlinear terms in Eqs. (23)- (25) at each time step. The pseudo-spectral method is a powerful tool for long-period time integrations of equations with cyclic boundary conditions because approximation of derivatives is much better compared with the grid methods.
As an initial condition, spectral values of h with random amplitudes and phases were specified at grid-points within a circular belt in the scalar wavenumber space, Ki < K <K0.
Dimensionless form of the vorticity equation derived from Eqs. (5) and (6) where asterisk denotes the complex conjugate. The total energy is also devided into two parts (cf. Kasahara, 1977 Kasahara, , 1982 : one is associated with geostrophic motions and the other is associated with (inertio-) gravitv waves if dissipation terms, Dx and Dy, are omitted. Equation of the perturbed depth is derived from Eq. (7) where WR(k, l), WG+(k, l) and WG_(k, l) are given by Eq. (28) becomes exactly the same form as Eq. (29) when *=1. Potential vorticity equation shown in (17) leads to when *=0 and h'=h'0 at an initial moment. However, (*) breaks for shorter wavelength domain than the initially given gravity waves due to strong viscous effect. For longer wavelength domain than the input gravity waves where the fluid is inviscid and is initially undisturbed, (30) must be changed as Here Ua(k, l), V a(k, l) and Ha(k, l) for *=R, G+, G _ are the normalized amplitudes of velocity and depth for geostrophic motions and gravity waves and can be obtained from the eigen values of inviscid and linearized equations (5)- (7) :
by putting h'0=0 in (30). This means that the absolute vorticity is proportional to the total where *1+*2(k2+l2).
Note that the normalization relations are satisfied for three modes of *=R, G+, G_.
When *>0, Eqs. (23)- (25) become formation is identical to the characteristic scale of initial disturbances. The parameters used for the calculation are as follows : number of grid-point N=32, time increment *t= 0.003, Rayleigh damping coefficient A=104,, biharmonic viscosity v=4. 3*10-7, smallest scalar wavenumber for viscous dissipation Kc =5.5. The scalar wavenumber domain for the initial disturbances ranges from K=5 (*Ki) to 7 (*K0). The cyclic scale unit is about 6R in this case. This scale is considered to be so large that the cyclic conditions might not deform the fields artifitially. Initial condition for depth perturbations in the spectral space is produced by the equation when Dx=Dy=0.
This case corresponds to inertial oscillations of velocity fields keeping a constant depth.
Thus we have from (36) so that the geostrophic motions disappear.
Results
Time integrations were carried out only for the case of *=1 where Rossby radius of dewhere hr and *r are the random numbers between 0 and 1 reproduced by the "RANF" subroutine of NCAR CRAY-l, * the dimensionless maximum amplitude of depth perturbations, which is chosen here to be 0.005. No perturbations are given for u and v. Figures 1(a) -(h) demonstrate the evolution of the depth in the physical space at every 10000 time step. The initial disturbances of the depth are characterized by the wavenumber centered around K=6.
At 10000th time step the input disturbances are still predominant. However, it should be noted that the disturbances have two distinguished features : firstly degree of randomness of the disturbances tend to decrease with time, so that the disturbances seem to be distributed more sys initial disturbances have been dissipated to become insignificant in their magnitude. Such elongated large eddies seem to possess intermediate features between nonlinear turbulent eddies and linear (inertio-) gravity waves. The wave-like structure becomes very remarkable at 70000th time step as shown in Fig. 1(h) . Figures 2(a)-( Fig. 4 Time evolution of total energy spectra when *=1. The figures, except (a), show the sunerposed spectra at every 500 time steps (1.5 in dimensionless unit). Dimensionless times are shown in the parentheses. (a) Initial (t=0) (b) 0-4500th time step (0*t*13.5) (c) 45000-49500th time step (135*t*148.5) (d) 75000-79500th time step (225*t* 238.5) which is shown in Fig. 3(a) . As the vorticity field grows, the potential vorticity field must be expressed by (45), which are shown in Figs. 3(b) and (c) if one inspects the figures in detail.
As was mentioned already, the relative vorticity (*) tends to the perturbed depth (h') and consequently the potential vorticity tends to unity (see Fig. 3(d) ). This fact states that the wave-like patterns finally produced are (inertio-) gravity waves.
The initial shape of the total energy spectrum is shown in Fig. 4(a). Figs. 4(b) , (c) and (d) show the superposed total energy spectra (a) Initial (t=0) (b) 0-4500th time step (0*t*13.5) (c) 45000-49500th time step (135*t*148.5) (d) 75000-79500th time step (225*t* at every 500 time steps from 0 to 4500th, 45000th to 49500th, and 75000th to 79500th time steps, respectively. Each figure includes ten spectra.
Time evolution of the upscale energy transfer is found early stages together with the generation of biharmonics and their subsequent rapid dissipation (see Fig. 4(b) ). In Fig. 4(c) and particularly in Fig. 4(d) , the total energy spectra stop changing and seem to reach an equilibrium state. Here it should be reminded that major part of the upscale energy transfer is completed rapidly in the early stages as is demonstrated in Fig. 4(b) . Remember that the nonlinear interactions among wavenumbers can fully occur when dimensionless time exceeds unity. Then 500th (a) Initial (t=0) (b) 0-4500th time step (0*t*13.5) (c) 45000-49500th time step (135*t*148.5) (d) 75000-79500th time step (225*t*238.5) time step, which corresponds to 1.5 in dimensionless time, must be sufficient for the fully developed nonlinear interactions. At subsequent stages nonlinear fine adjustment continues and an equilibrium will be approached by transferring small amount of energy among wavenumbers.
A spectral peak appear at K=3 (*Kp), though not very sharp, at the equilibrium stage (see Fig. 4(d) ). Decay of pure two-dimensional turbulence leads to K-3 power law through entire wavenumber space (cf. Batchelor, 1969; Lilly, 1971) . Unlike two-dimensional turbulence, spectral magnitudes slightly decrease toward smaller wavenumbers than Kp in the present case. Upscale energy transfer seems to be restricted below 
Concluding remarks
Initially input gravity waves with random amplitudes and phases produce double scale or larger regular waves through nonlinear wavewave interactions when shallow water equations in the gravity wave regime are numerically integrated.
The finally produced wavelike disturbances can be identified as largescale (inertio-) gravity waves. Geostrophic eddy motions are also generated but are negligibly weak. Upscale energy transfer is extensively suppressed in the lower wavenumber domain. Such features are quite different from those found in the two-dimensional turbulence and are important to understand the generation mechanism of large-scale (inertio-) gravity waves in the atmosphere and the oceans.
However, amplitudes of the finally produced waves are smaller by one order than those of initial disturbances. Therefore, it is not clear whether this mechanism of wave generation works well in the actual atmosphere and the oceans.
Forcing problem should be carried out in order to give an evidence why a -5/3 power spectrum is found frequently in the atmosphere as was described in the introductory chapter. We should also carry out numerical simulations changing z very widely. These problems are left for future investigations.
